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studying (exotic) hadrons with lattice QCD 2

not concerned with precision, or even direct comparison with experiment at this stage

answer a simpler question: “what kinds of hadrons does QCD admit? with what properties?”

but, intention is to be as rigorous as possible

where possible obtain definitive statements about the QCD spectrum

really “a” QCD spectrum,
because we can freely vary the quark masses

and in practice in many cases we will want to compute with heavier

“as rigorous as possible”?

yes, excited states should appear as they actually are, as unstable resonances
= we’d like to study scattering amplitudes

so you know in advance that
it is going to get complicated
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“simpler” calculations with @wl'D...Dy operator basis 3

' hybrid mesons ?
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calculations with @lD...Dy operator basis 4
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but this doesn’t meet my criterion: as rigorous as possible
most of these states are actually resonances
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excited states as unstable resonances 5

the discrete spectrum in a finite-volume can be rigorously related to the scattering matrix

need to compute the complete spectrum of eigenstates in the relevant energy regions

practically: supplement gg-like operators with meson-meson-like operators

(relatively) easy case: elastic scattering

e I=1 JP=1-

PRD87 034505 (2013) mMr ~ 391 MeV

scattering phase-shift
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an elastic resonance — the p in mrt (isospin=1) 6
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excited states as unstable resonances 7

in the case of coupled-channel scattering it’s more challenging ...

e.g. some energy region where nrt, KK accessible
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you want to gives you this
know this

an approach:
parameterize the energy dependence
of the scattering matrix

an important observation

— not like experiment

— can’t study ‘channel-by-channel’

— all channels contribute, have to solve the ‘whole problem’
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coupled-channel scalar mesons 8

scalars easiest ‘technically’ (not easiest physics) - 0- 0- in S-wave mr~391 MeV

isospin=1 mn, KK

min KK nn’
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coupled-channel scalar mesons 9

scalars easiest ‘technically’ (not easiest physics) - 0- 0- in S-wave mr~391 MeV

isospin=1 mn, KK

min KK nn’
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elastic i  two-channel
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coupled-channel scalar mesons 10

scalars easiest ‘technically’ (not easiest physics) - 0- 0- in S-wave mr~391 MeV

isospin=1 mn, KK

min KK nn’
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coupled-channel scalar mesons

11

scalars easiest ‘technically’ (not easiest physics) -

WILLIAM & MARY

0- 0- in S-wave mz~391 MeV

isospin=0 mm, KK, nn
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coupled-channel scalar mesons 12
scalars easiest ‘technically’ (not easiest physics) - 0- 0- in S-wave mr~391 MeV
isospin=0 mm, KK, nn
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coupled-channel scalar mesons 3
scalars easiest ‘technically’ (not easiest physics) - 0- 0- in S-wave mr~391 MeV
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coupled-channel scalar mesons 14

... very nice, but where are the resonances ?

we need to look for pole singularities of £(s)

(recall the mantra: “as rigorous as possible”)
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resonances are poles at complex energy
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coupled-channel scalar mesons 16

resonances as pole singularities mr~391 MeV

isospin=1 mn, KK
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coupled-channel scalar mesons 17

resonances as pole singularities mr~391 MeV
isospin=1 mn, KK isospin=0 mm, KK, nn
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coupled-channel tensor mesons 18

D-wave amplitudes & poles PRD97 054513 (2018)
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scattering with other than pseudoscalars

19

e.g. w stable (or very narrow)
down to rather low quark mass

at mp~391 MeV can study nw scattering

PRD100 054506 (2019)
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so where are the hybrid mesons ... ? 20

e.g. lightest iy resonance

why calculate with heavy quark masses ?

remember the f.v. spectrum depends upon all open channels,
and three-meson and higher thresholds will open

e.g. at physical quark mass
if m ~ 1600 MeV > 11 mp
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learning about the unstable 1 ? ArXiv:2009.10034] 21

for the first attempt at this, work with u=d=s all at approx the physical strange mass mr~700 MeV

exact SU(3) flavor symmetry — octets & singlets
€.8. Mg= MK = Mpg

stable hadrons

né ~ 700 MeV w8~ 1020 MeV
nt ~ 960 MeV w’~ 1030 MeV

f18~ 1520 MeV  hs8~ 1550 MeV
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finite-volume spectrum with JP¢ = 1-+ ATXiv:2009.10034| 22

2234
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1676 even this simplified case is very challenging:

---------------------------------------------- n'n8 ~ nn’ — moving frames impractical (other JPC)

— at least 8 coupled channels
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finite-volume spectrum with JP¢ = 1-+ ArXiv:2009.10034] 23
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scattering matrix ...
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JPC = 1-+ scattering amplitudes ArXiv:2009.10034| 24
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a resonance pole

arXiv:2009.10034 25

2002 2188 Re[/s]
ro—o T 00— o T
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a crude extrapolation to physical quark mass ... arXiv:2009.10034] 26

Determination of the Pole Position of the Lightest Hybrid Meson Candidate

600
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301 £1(1285)7
20 — pT
/
nm
10 £1(1420)7
K*K
nm
1500 1550 1600 1650 mp / MeV

Poles Mass (MeV) Width (MeV)
1% T1s 23.F . 24 . . 5 6, )
A. Rodas,” A. Rlllonl, 1;/[ Albalgdejo, Cl.oFernandez-SRamuez, A. Jackura}, 726\/7 Mathieu, a, (1320) 1306.0 = 0.8 &+ 1.3 1144 + 1.6 = 0.0
M. Mikhasenko,” J. Nys,” V. Pauk, - B. Ketzer,” and A.P. Szczepaniak™™ d,(1700) 1722 £ 15 + 67 247 + 17 + 63
T 1564 + 24 + 86 492 + 54 + 102
(Joint Physics Analysis Center)

Investigation of the Lightest Hybrid Meson Candidate with a Coupled-Channel name pOle mass [MeV / C2] pOle width [MeV]
Analysis of pp-, mp- and mr-Data a2(1320) 1308.7+0.4 755 108.6 +0.4 717,
B o oot moon: 11007 Dot o 1. Wi a(1700) 1669.2+1.0 +2° 2 429.0+1.7 1524
T 1561.6 + 3.01“ , 388.1 + 5. 4+14 )
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the state of the art 27

attempting a rigorous approach to study QCD
... but currently often at the wrong light quark mass

non-obvious scalar mesons

emphasis so far on .
meson resonances in coupled-channel meson-meson scattering conventional vectors & tensors
axial b1

1-+ hybrid

to study more resonances, and to go to lighter pions, need three-body decays

more complicated formalism, currently being tested

7T+7r+[f141r] arXiv:2009.04931

2.07

%

\8 0.0
2

2

—5.01

\
\ \ \ ‘*
50 24 50 24 3.0 35 10 E;2L5
m
L/as see also 3/ma

PRL122 062503 (2019)
PRL123 142002 (2019)

learning about internal structure of resonances — couple to external currents

maybe distinguish ‘molecules’ by large spatial size ?
maybe even compute parton distributions for resonances ?
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resonances illustrated in quantum mechanics 29

V(x) E E
A

resonance

scattering
X continuum
} ...........................................
bound
states

(x| > R) ~ cos (plz| + d(p))

phase
shift

resonances lie in the continuous spectrum of scattering states
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resonances in a finite volume ? 30

A A A
p . 89099900 LA
but in a periodic volume ...
E P(|z] > R) ~ cos (plz] +d(p))
A A
discrete
X spectrum
S
applying the boundary conditions
: : 27
- = = - —(5
2 2 solved by discrete Pn, (L)
WILLIAM & MARY light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass J ff/?son Lab

Jefferson National Accelerator Facility



finite-volume spectrum — infinite volume scattering amplitudes 31

conceptually the same idea applies in 3+1 dim quantum field theory

“the Liischer method”

some technicalities associated
with mismatch between rotational symmetry
and a cubic spatial boundary

recent pedagogic review

REVIEWS OF MODERN PHYSICS, VOLUME 90, APRIL-JUNE 2018
Scattering processes and resonances from lattice QCD

Radl A. Bricefio’

Thomas Jefferson National Accelerator Facility,
12000 Jefferson Avenue, Newport News, Virginia 23606, USA
and Department of Physics, Old Dominion University, Norfolk, Virginia 23529, USA

Jozef J. Dudek’

Thomas Jefferson National Accelerator Facility,
12000 Jefferson Avenue, Newport News, Virginia 23606, USA
and Department of Physics, College of William and Mary, Williamsburg, Virginia 23187, USA

Ross D. Young*

Special Research Center for the Subatomic Structure of Matter (CSSM),
Department of Physics, University of Adelaide, Adelaide 5005, Australia

® (published 18 April 2018)

The vast majority of hadrons observed in nature are not stable under the strong interaction; rather
they are resonances whose existence is deduced from enhancements in the energy dependence of
scattering amplitudes. The study of hadron resonances offers a window into the workings of quantum
chromodynamics (QCD) in the low-energy nonperturbative region, and in addition many probes of
the limits of the electroweak sector of the standard model consider processes which feature hadron
resonances. From a theoretical standpoint, this is a challenging field: the same dynamics that binds
quarks and gluons into hadron resonances also controls their decay into lighter hadrons, so a complete
approach to QCD is required. Presently, lattice QCD is the only available tool that provides the
required nonperturbative evaluation of hadron observables. This article reviews progress in the study
of few-hadron reactions in which resonances and bound states appear using lattice QCD techniques.
The leading approach is described that takes advantage of the periodic finite spatial volume used
in lattice QCD calculations to extract scattering amplitudes from the discrete spectrum of QCD
eigenstates in a box. An explanation is given of how from explicit lattice QCD calculations one can
rigorously garner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are discussed along
with the steps being taken to resolve them.

DOI: 10.1103/RevModPhys.90.025001
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non-resonant elastic scattering — m*mr* (isospin=2)

PRD86 034031 (2012)| 32

~ 391 MeV

scattering phase-shifts
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an elastic resonance — the p in mnrt (isospin=1) 33

PRD87 034505 (2013) mq ~ 391 MeV

scattering phase-shift
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an elastic resonance — the p in mnrt (isospin=1) 34

PRD87 034505 (2013) mq ~ 391 MeV

scattering phase-shift

[000] [100] [110] [111] [200] .
E / MeV e . ﬁ&_%t s
150 - BT
1100 20l B
O £T3
1000 | B .
60 - =
900 .
800 | oL e | | | |
' 800 850 900 950 1000 1050
E / MeV
PRD92 094502 (2015) Mz ~ 236 MeV
scattering phase-shift
E/mev [000] [100] [110] [111] [200] 0 i
960 [ ! _ L\, N A AN 150} To ®° t
840‘ o o - \\\ 120 gu N
720} \ E 90 o
600 | \ T 0 -
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TTIt iSOSpin=O PRL118 022002 (2017) | 35

Mr~391 MeV 180 -
£, [000] [100] [110] [111] 200] ol
100 b
1000} A . . s 120F
{ \ = My =236 MeV
900 - i I I I
i ! " 5o 90t
A I A S Sy 6ol
700} s | ¢ Pl I I
]
600| & I i i I 301
16 20 24 16 20 24 16 20 24 16 20 24 16 20 24
0 ] ] ] ] ] ] ]
001 0.03 0.05 0.07 0.09 0.11 0.13
k% / GeV?

Mmp~236 MeV
g, [000]  [100]  [110]  [111)  [200]

000 === " \ heavier quark mass — a bound-state

900 - - lighter quark mass — attraction, maybe a broad resonance ?
800 |-

700f B c.f. the experimental o resonance ...
600 \

500 LB

o

24 32 40 24 32 40 24 32 40 24 32 40 24 32 40

WILLIAM & MARY light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass Jefa?son Lab

OTfiomas Jefferson National Accelerator Facility



coupled-channel resonances

36

most resonances can decay into more than one final state

p(770)
e.g. A~

" 3 elastic
resonance

]
$
. L E!
0.5 0.6 0.7 0.8 0.9 10 1.1

WILLIAM & MARY

f2(1270)

nr, o, KK, nn

f2(1525)
o, KK,

T — T

04 06 08 1 1.2

04 06 08 1 12

04 06 08 1 1.2
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resonances aren’t always bumps 37

2
pip; [tij |
| ' | i | I | ¥
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1o |1
= oy \ |
e '} o ol
+J i T
O s
-—1
n
n | %
n T
o i \'
5 i u }
| |
.;!... nn—KK ! i
?. o .0..""..‘..’ L) n"o Mool |
0 | A “l “" n”"' H B B
0.4 0.6 0.8 1.0 - nn |4 1.6 f — 0 [
o M (GeV, I []
>
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p pole with changing quark mass from lattice QCD 38

180 -
150}
120}
O
~ 90}
S
ol 800 900 1000 m,
of o o
30t ] Mr - 524 MeV Mr - 702 MeV
: Mr ~ 391 MeV
PDG - . = My = 391 MeV
0 I ] 5 s I et 1 1 50 F
400 500 600 700 800 900 1000 £, /MeV
@]
100} M ~ 236 MeV
150+ Il-' expt
Ip
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experimental ao(980) in in 39
e.g.

pp @ p nulp

| [z zoo mp = Amemen vy = nme

1[ E852 1996 ﬁ Ty Belle 2009

| g -

1 & -

i ++ ; %LH]# % +++++++
H ﬂ—H JrJF %ﬁ%&% : ++ ++++
M Py . W e
g — | ' = 1000 1200
s et 600 800 1000 1200 m(nm)
m(nm) m(n) T
B T KK threshold KK threshold
KK threshold
right at the KK threshold
O »Re[E]
2(980) U 16(UPC) =170+ ) * a0(980)
Mass m = 980 4+ 20 MeV
Full width ' = 50 to 100 MeV
v
Im[E]
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coupled-channel scattering from lattice QCD ? 40

one possible approach — mimic ‘ideal’ experiment: determine tﬁf}(E) for real energies

maybe can then be analytically
continued to complex energies
to find poles ?

scattering matrix determines the finite-volume spectrum:

0=det |1+ip(F)-t(F)- (1 +iM(E, L>)}

for a given scattering matrix, has a discrete set of solutions F, (L)

the finite-volume spectrum

one approach:
— parameterize the energy dependence of t(E)
_solve 0 = det [1 +ip(E) - t(E) - (1+iM(E. L))]

— compare ‘model’ spectrum to lattice spectrum ...
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n/KK scattering in lattice QCD

PRD93 094506 (2016)| 41

mr ~ 391 MeV
mg ~ 549 MeV
~ 587 MeV

WILLIAM & MARY

E

1420
1300
1190
1080

960 | -

mn KK mn’
O O O
978 1098 1320
small i significant :
elastic i  two-channel
region : region
[000] [100] [110] [111]

[200]
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nin/KK scattering in lattice QCD Mn~ 391 MeV  [PRD93 094506 (2016)| 42

mn/KK coupled-channel scattering amplitudes

2

pip; |tij]

0.7

0.6 |-
S osth - .
= KK —- KK
O
8 04
n
S
- 03
O T — TN
)

02

m — KK
0.1 |-
) | ] \\4 | | | | O
1000 1050 1100 1150 1200 1250 1300
ooooo ooo ] o c; oo ] ;oo oo oooo o o E / Mev
- l ,(/,:7/ 99K K Y . V. KK
K=—— { Ty “] | ﬂ, S ",“,] & Chew-Mandelstam phase-space
m- —58 | Ym9KK Ik /KK VKK.KK
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a good description of the finite-volume spectrum

43

2

pipj [tis]

0.7 |

0.6 |

05 | _ _
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nin/KK scattering in lattice QCD mr - 391 MeV  [PRD93 094506 (2016)] 44

mn/KK coupled-channel scattering amplitudes

something significant
at KK threshold

O

is there a resonance causing this ?

examine the amplitude for nearby poles ...

WILLIAM & MARY light exotic hadrons on the lattice | 30 Sep 2020 | Showmass ‘Je%f,';%eﬁ@s?ﬂaﬁl.;a

al Accelerator Facility



continue the amplitude into the complex plane PRD93 094506 (2016)] 45

~ 391 MeV
pirs [t st 3
pole position
0:5: Im[E] . $ $
5 o N

04 \:5’ /@ NN

AN &
03 | & /&1 &
O O O Re[E]

but is this sensitive to the parameterization choice ?
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continue the amplitude into the complex plane

PRD93 094506 (2016)| 45

Pip; |tij|2
07
06 |-
05 |
04 1
03 |

02+

0.1 -

but is this sensitive to the parameterization choice ?

pipjltij)?
0.7
0.6
0.5+
04+
03

02

0.1F

WILLIAM & MARY

mq ~ 391 MeV
pole position
Im[E] 5 &
g ~ X
s K ~
& NS Y &
O O O Re[E]
no
Im[E] & &
R = N
KK - KK N
O O T O Re[E]
Ma, = 1177(27) MeV e |’ 1.7(6)
Ty, = 49(33) MeV Cren |
light exotic hadrons on the lattice | 30 Sep 2020 | Showmass Je,f_g?son Lab

OThomas Jefferson National Accelerator Facility



nt, KK, nn scattering 46

experimental amplitudes

e R B E N SN NS R i M IR I U R e m—
mn—=nn |- I
T

combination of broad o resonance
and narrow fo(980) at KK threshold

two low lying resonances ...
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niit, KK, nn scattering in lattice QCD PRD97 054513 (2018)| 47

n- 391 MeV
- mg ~ 549 MeV
TTTt
O g( g’ My - 587 MeV
782 1098 1174
consiqerable three-channel
elastic : . .
. : almost immediate
region :
[000] [100] [110] [111] [200]

L

1250

1130

1020

900

790

680

570
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niit, KK, nn scattering in lattice QCD PRD97 054513 (2018)| 48

n- 391 MeV
mg ~ 549 MeV
mp ~ 587 MeV

mm/KK/nn coupled-channel scattering amplitudes

08|
5 — 0.6 T — T
S 04L KK - KK
0.2 o
o — 1am — KK
' ' | | E / MeV
800 910 1020 1130 1240 1350
0.2 nn — KK
—> T
| | QRN — —— i
800 910 1020 1130 1240 1350 nn — nn

a+bs c+ds e
K '(s)=|c+ds f g
e g h
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a good description of the finite-volume spectrum PRD97 054513 (2018) | 49

0.8
0.6 T —» T
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02]/\ ar — KK
AP N S T PR XQ/Ndof: — = 0.90
02[ N m — KK o7 — 8
| 1 1 nlcénnjﬂw
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.............................................................. I
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PRD97 054513 (2018)| 50

niit, KK, nn scattering in lattice QCD
Mp ~ 391 MeV
mg ~ 549 MeV
mp ~ 587 MeV

mm/KK/nn coupled-channel scattering amplitudes

strong activity at

. KK threshold
<5
<
Q
O ' E / MeV
800 910 1240 1350
o0 O
800 910 1020 1130 1240 1350

/?nLa
n National Accelerator Facility
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niit, KK, nn scattering in lattice QCD PRD97 054513 (2018)| 51

- mq ~ 391 MeV
nn/KK/nn coupled-channel scattering amplitudes mZ~ 549 MeV
1 mp ~ 587 MeV
~  08F
S
-~
E 06 — T — 7T
& 04L KK — KK
02} -
o 1ar — KK
| | |
300 1000 1200 1400 E/ MeV
0.” O' | O_Ol | m parameterization
R 08 variation
-100 Jo 0.6
I'r -200F 04} =
024
N
'300 — o I ’ o 1 7 1 t
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niit, KK, nn scattering in lattice QCD PRD97 054513 (2018)| 52
r~ 391 MeV
mk ~ 549 MeV
_ mp ~ 587 MeV
nn/KK/nn coupled-channel scattering amplitudes
n P
I J© =07
S 08 _ My, = 391 MeV
R
% 0.6 T — T
0.2 o — 1 — KK
| | |
3800 1000 1200 1400 E/ MeV
—-O | O—On |
o mp
-100 - bound-state f
0 resonance
I'r -200 | _%_ ;
co
2300 k- CKK = 1.4(3)
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nw scattering 53

except at very low quark masses, the w is a stable state

38
the non-zero spin of the w introduces new features, e.g. J” = 1+ in two partial-waves <3D1)
1
by(1235) 16(JPCy =1t + )

Mass m = 1229.5 + 3.2 MeV (S = 1.6)
expect a b1 resonance Full width ' = 142 + 9 MeV (S = 1.2)

by (1235) DECAY MODES Fraction (I;/T) Confidence level (M:V/c)

wT dominant 348

[D/S amplitude ratio = 0.277 + 0.027]

in the quark model it’s the ud('P1) state
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nw/ e scattering

PRD100 054506 (2019)| 54

2

Papb|tea,ern JEP — 17t
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08 F
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clear b1 resonance

— strong nw S-wave
— weak nw D-wave
— negligible m
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coupling resonances to currents

mm

A(Err, Q%)

Briceno et al | u,d,s | m:~391 MeV

PRL115 242001 (2015)

Q%2 =0
Q? = 0.803 GeV?

23 24 25 E*_/m.,

p— Y

m, ~ 700 MeV ]

My ~ 400 MeV
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what do you calculate 56

calculate correlation functions

e.g <O‘(’)- NO. (0 ’O> where the operators are constructed from quark and gluon fields
' and have the quantum numbers of the hadronic system you want to study

(0]0:(H)0;(0)[0) = 3 (0[O |n) (n|O;|0) &= Fn

a superposition of the (finite-volume) eigenstates of QCD

powerful approach: e.g. [000] A+ 243
. %* ar b =
— use a large basis of operators t g
. . . 024 rr f "
— form a matrix of correlation functions I =
— diagonalize this matrix onf g 5,
0.20 |- E % .
MR EL operator basis
- —— v
0.16 |- —— ]
} — = E—
=.;H:H — wrw‘ua‘Fdd
0.14 - I
* could give a whole interesting talk on the . C—
construction of these operators on2p T KK
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operator basis — /=0 nirt, KK, nn 57

operator basis:  ‘single-meson’ +  ‘meson-meson’
DT > . C(p1,p2;P) Mi(p1) Ma(p2)
( & if you like P1,p2 maximum momentum
tetrya uark ’& ) guided by non-interacting
’ 27 energies
P = T[n:va Toy nz]
2 2 2 2
[000] Aq+ 243 \/m1+p1—|—\/m2+p2
" ?_H solutions of the det equation
R =2 whent =0
022 §
0.20 |- 8 %* ~
0.18 | ?
0.16 |- —— .
} == operator basis
0.14 |- L E v
PITp|

e I B B
ol 2 S — wiitdd
0.10 |- ar mp= 0.069 o

ar mg=0.097 s K K
as mp= 0.104 | 7777
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operator basis

58

operator basis:

[000] A+ 243

ar .a*E-_‘
0.24 B
o |="
022 -y
e
[l
0.20 EN
T =
0.18 =
j‘__: =
A
0.16 (—
==
=5
0.14 —
B —
[
0.12 —
-
0.10 atr mq=0.069
a: mg = 0.097
ar mp=0.104
WILLIAM & MARY

‘single-meson

)

+  ‘meson-meson’

T Z C(p1,P2; P

f)laf)2

Zx eipl-x "ZXI‘@DX Zy eipz-y @ByI‘,@by

sampling the whole
lattice volume

operator basis
prefer to use

optimized single-meson operators ...

|
s

QZI‘w‘uu—{—d&
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59
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some technical stuff — ‘meson-meson’-like operators

60

then each single-meson operator
can be the variationally optimized
one for that p, A

three example operators shown,

actual basis much larger

WILLIAM & MARY

effective mass
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‘dropping’ OpsS in P I PRD92 094502 (2015)| 61

0.20F — = — E
0.15 F
0.10 |- } )
exclude the exclude all exclude
— KK operator meson-meson all wry
mn=0.039 , _
my=0.083 [ 38T
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what’s happening here ? 62

focus on the lowest two states

0.15 [ ( ) 180 F = = = = o o o o e {N ______
P = [000]
- 150L 5o w B b 0.14
7[001] 7[00 -1] B =110 =
g ) 120 P =[111] m“
= - N o P = [200] . 012
E 90
60 0.10F
0.10 [ _ J 30F
. m 008F. ., ... . ...
oL ol ! ! ! !
0.08 0.10 0.12 0.14 0.16 a;Eem 30 32 3
an avoided level crossing
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quark mass dependence of o meson

PRL118 022002 (2017)| 63

elastic part of the calculation also done on a lighter quark mass

nm isospin=0 elastic scattering

q cot &g

m, = 236 MeV

>

0.5

: iy

-0.5

1L

evolves from a bound-state
to a broad resonance as the
pion mass decreases

WILLIAM & MARY

-0.06 -0.03 0

c pole singularity

E, / MeV
| T T IrH—I T
500 700 M =391MeV 900
1 m, = 236 MeV
§disp.
+ expt.
OThomas Jefferson National Accelerator Facility
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o pole scatter from experimental phase-shift data 64

actually same problem using

experimental scattering data ... 400 500 600 700 800 900 B
I I I I I I o
180
150}
120
o ] § % 100 |
60 FIPIEL
L . T 3 2 expt.
s Q; g ? % %
30 .
ol ) . . . . . .
0.01 0.03 0.05 0.07 0.09 0.11 0.13
2/ GeV? .,
-200 |- i
1 "
- § FO' = I —O
) — - —
X
-300 |- o
-400 Phys Rep 658 1 (2016)
J.R. Pelaez
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o bound state — elastic and subthreshold region 65

WILLIAM & MARY

(a¢ k) cot dg

0.15

0.10 +

0.001

0.002

myr ~ 391 MeV

o 163
O 203
A 243

-—

0003 (ai k)’

I

\\[a, r, Ps]
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Weinberg compositeness criterion — o at my~391 MeV 66

relates scattering length, effective range
to compositeness measure, Z

a=—21_Z ! + ...
2 — 7 \/m,€

r—=—2 4 ! + ...
1 —7Z /mye

with corrections whose size is set by
the range of the interaction

/=1 compact state
Z=0 a it molecule

e = 37(5) MeV

a = —0.0071(11) MeV ' = —1.4(2) fm
r = —0.0041(14) MeV ! = —0.8(3) fm

Z ~0.3(1)
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o— it coupling from the pole residue 67

800 |
= 600} ﬁ%ﬁ%
E ] o™ Hnﬁﬁﬁﬁﬁ
— 400+ gisp. My = 236 MeV m. = 391 MeV

lé + exp.
> 200+
O I I I I I I
150 200 250 300 350 400
m, / MeV
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o pole in unitarized chiral perturbation theory 68

J.R. Pelaez ...
PRD81 054035 (2010)
2
<
o b
S
~—
3
“fit 11”
resonance becomes a virtual bound state fit |
near mq~350 MeV ... !
.. then a bound state near mr~420 MeV o
1.4 F
“the exact my value when . i
this happens is not very reliable” %: .
—
~—
o)
—
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coupled-channel Riemann sheet structure 69

for each new channel, each sheet splits in two = 2N sheets for N channels

Im[ ko] Im[ kkk ]
e.g. two channels

sheet | - o
Im[s]
A sheet Il - +
sheet |
sheet Il - -
: :> % Re[s] sheet IV -+ —
sheet Il sheet Il
Im[ Kkk ]
A
Im[s]
A @
sheet IV sheet || sheet |

sheet | lower half-plane upper half-plane
Re[s]

)
/
\ 4

Re[ kkk ]

sheet IV sheet Il

upper half-plane lower half-plane
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poles on different sheets 70

. ‘BW-like’
the distribution of poles across sheets below KK thresh.

does have visible effects

‘\\ Im k:K?
\ ‘\
\
\
TS .
one-pole Y
sheet Il \
\\
\
\
N [ ]
~ N &- .

. /«&\@ physical

oA <+ scattering
O >
1 \\

1 \

1 \

) a .

/ \
1 \

V., [1;
II \\
1
. one-pole ‘BW-like’ "\,

sheet IV above KK thresh.

and there are (model-dependent) suggestions that
the distribution is related to the resonance structure
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principal correlators — nin/ KK

71
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principal correlators — nin/ KK

)\n (t) . eEn(t_tO) 72
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73

operator overlaps — nn/KK
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do resonance at my~391 MeV 74

pole couplings

a; Im c;
0.2 T C’L C]
tij(s) ~
So — S
| 0.11
Riemann sheet structure
a; Im k7
0.10 1
0.05 5 (\&&.
§ C —
A N KK S
-0.10 -0.05 A«Ql” 0.05 n«\«*\i 0.10 — 1 3 (4)
| e o “arReky Crn
AV
0010¢ see also PHYSICAL REVIEW D 95, 054004 (2017)
oost | Chiral study of the a((980) resonance and 75 scattering phase shifts in light
0050 -0045 0040 -0.035 -0.030 of a recent lattice simulation

Zhi-Hui Guo,'” Liuming Liu,” UIf-G. MeiBner,” J. A. Oller,” and A. Ihlsclsl\')'2
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ado resonance at mp~3

91 MeV
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unique to that one parameterization ? 76

20 parameterization variations
(many more considered)

0.8F

K1 as matrix of polynomials,
K as matrix of polynomials, 0.6+
577 2

K as pole plus matrix of polynomials,

simple versus Chew-Mandelstam phase-space ...
\\\ /§\ T — KK

A | | &1 | — a; By
0.14 0.16 0.18 020 022 0.24

Re CLt\/g
0 —00 | ——O0—1-0— | ( )
0.12 0.14 0.16 0.18 0.20 0.22 0.24
@ 0021 bound T

keep choices that can describe
spectra with good X2 O 2

S state
@ “G”
VS _O 04 | “fO”
_— resonance
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sheet structure 77

RG(CLf\/Z)
X 2 2 8§ g
S S o oS o
0.18 : ,
0.16" '
e (1T T,
% 0.12 /T
S 0.10 .
5 0.08
5 0.06
0.04 c |
0.02 & Re(atkk i)
I | ~ I I
| ~
—008 006 004 002 0.02 0.04 006 008002
§ 1 : 0.04
| ' -0.02+ \ = 0.06
- ' 0.08
. ‘ \_--- 0.10
| -0.04 - W
IV, T S
9 '06__ | 0.18
720,084 il
S - o
= o < = o < amplitude in the vicinity of the KK threshold
appears to be dominated by a sheet Il pole
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it/ KK extras — fo couplings 78

Im(at ci)

o
024+ |,
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i, KK, nn scattering 79
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pole counting & Jost amplitudes 80

do we really need the sheet Il pole ?

o Tl ek Jost functions allow us to directly control the pole distribution ...
0.02 | | | & ,\‘\&& e Iat KK
0.08-006-004-002 | 002 0.040.06 008
=2 +-0.02- | - 00
L P2
o s e PPyt Jost 1 pole
- - —Jost 2 poles
08 K-matrix
0.6
041}
02}
o | 0% Ecm
0.14 0.16 0.18 020 022 0.24
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fo, ao similarities ? o1

masses similar widths a little different
mg(fo) = 1166(45) MeV, I'r(fo) = 181(68) MeV,
mg(ag) = 1177(27) MeV, I'r(ag) = 49(33) MeV.

but channel couplings quite similar ?
lc(lao = KK)| = |c(fo = KK)| ~ 850 MeV
lc(ag = m)| = |e(fo — 7m)|  ~ 700 MeV.
main difference is the larger phase-space for mm compared to nin
can explore the effect using the simple Flatté amplitude
Flatté denominator  D(s) = mg — s — igs p1(s) — ig3 p2(s)

has zeros at

. 2
\/sozmoiz‘qzm (ﬁ) &—1 on sheet I, if (2> ﬂ>1 or,
g2 P2

.9 2
So &~ mg £ L9 P2 1 — (&) 2t on sheet 1V, if (9_1) P < 1, and,
2 mg 92/ P2

2

7

So &~ Mo = — 5 92 P2 1+ <ﬂ> P on sheet lll, in all cases,
mo
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T, KR, nn scattering — JP = 2+ PRD97 054513 (2018)] 82

: ~ 391 MeV
D-wave amplitudes & poles mx ~ 549 MeV
~ 587 MeV
1+ JP _ 2—|—
~ 08} —
:3 e = 9LV in this case uncontrolled
S 0.6 (but justified?) approximation
S 04k of neglecting nnn, mnnmn
T — T
0.2 KK — KK
ol | 0 r— 1m — KK
800 1000 1200 1400 1600 E.n, / MeV
OI | O_CI | b | m
50k f i
r, _100 L _ EKK 92%
150 L f 23, T 8% 3 demonstration of the OZI phenomenology
2200 L N for dominantly uu+dd , ss like states ...
SKEK 12%
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f2 resonances — decay couplings & OZI PRD97 054513 (2018) | 83

1k JP:2—|—

0.8} m, = 391 MeV
0.6}

OZl ‘allowed’ 04}

\ 02_ T — T

pipj’tijfz

KK — KK
ol I ar — KK

800 1000 1200 1400 1600 E.ny /MeV

O T O—O

S0} f3g
_100 L SKE 92%
I'r 150 L an@ NSsTT 8%
| 200 - S—
D OZ| ‘forbidden’ KK 12%

fa3 ~ut +dd fo~ss

couplings from pole residue

at|Cror| at|cx |
(atkﬂﬂ)2 (atka{)Z

fs5 7.1(4) 4.8(9)
o 10@)  5.5(8)
zero in ‘OZI’ limit
— requires ss annihilation
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it/ KK extras — f2 couplings

84
Im(at ci)
a
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0.05 H%p.os oy et ) 0.8
KK @4 061}
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E KK
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Luescher finite-volume functions 85

0 = det [1 +ip(E) - t(E) - (1 +iM(E, L))}

Megm,egme =¥ (lmg Img|Jm) (€'mi; 1mg|J'm’)

me,my,mg

(471')3/2
k,‘£+1

g Ko D) (42 Y, Vi Yoo
{,my

to respect the lattice symmetries,
need to subduce into irreducible representations

—n, A * J )% —n 7 \/
M gm0 g ONNOp = Z SJA D( ! A (R) M g gm0 grm SJ’;)L\n’ D) ';\'(R)

“spinless” Luescher functions

m ,)\’
e.g. My
o | | | '
sk l l l I |
1o} I I I I I
s I I I I I
0 : l : : l : 1 : — (k_L>2
. %) 05 1;o 15 2:.0 25 3;0 35 4; 45 2m
J e e e e
15| | | : : :
20k | ! ! | |
WILLIAM & MARY light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass /? n La

n National Accelerator Facility



zeroes of the determinant 86

_ e e Mr = 300 MeV
e.g. a two-channel Flatte form — [000] A+* irrep in L=2.4 fm box M = 500 MeV
det |1 +ip(F)-t(E)- (1 +i:M(E,L
14ip(B) UE) (L4 IMEBD)] o o
(&Q &
O \\Q\
&9 A
Re[det]
! E / MeV
% ! /%0
[ Im[det]
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some technical stuff — rotational symmetry 87

a finite cubic lattice has a smaller rotational symmetry group than an infinite continuum
simpler example of the problem: a rotationally symmetric two-dim system (r,8) = R,,(r) ™"

now considered on a square grid — minimum rotation is by /2
m and m+4n transform the same !

back in 3D — irreducible representations of the reduced symmetry group contain multiple spins

cubic A(dim) | Ay(1) T1(3) T5(3) E(2)  Ax(1)
symmetry J|10,4... 1,3,4... 2,34... 24... 3...

subduction |A, p) = Zm G

J, m>

for non-zero momentum it’s even worse

— in continuum have little group, those rotations which don’t change p = label by helicity

can subduce helicity states into irreps of the reduced cubic symmetry

PRD85 014507 (2012)
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some technical stuff — rotational symmetry 88

reduction of rotational symmetry is an important feature of the quantization condition too

for elastic scattering, what we previously presented as cot d;(E) = My (E(L), L)

should actually be 0 = det [cot 00 0007 O — MEm;E’m’i|

which when subduced becomes 0 = det [cot 8¢ 60,00 Oppmr — M. o }

features all € subduced into irrep A

what allows us to make progress is that §,(E) ~ k**™! at energies not too far from threshold

so higher angular momenta are naturally suppressed

in practice, truncate at some €max ...
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coupled-channel scattering in a finite-volume 89

the quantization condition generalizes to 0 = det [1 —+ ip -t - (1 -+ ZM)]
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coupled-channel scattering in a finite-volume 89

the quantization condition generalizes to 0 = det [1 —+ ip -t - (1 -+ ZM)]

e.g.in A" irrep (£=0, 4...)

[(0) (0 \
t%&) ﬁ) 0 o dense in channel space
12 22

4 4
Sl (BB
t12 t22

: . , diagonal in angular momentum space
\ : : ) — ¢ good q.n. in infinite-volume

— infinite-volume dynamics mixes channels
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coupled-channel scattering in a finite-volume 89

the quantization condition generalizes to 0 = det [1 —+ ip -t - (1 -+ ZM)]

e.g.in A" irrep (£=0, 4...)

4 \
[0) L (0) 0 o dense in channel space
12 %22 W — infinite-volume dynamics mixes channels
t = . (tli s )
s s

: . , diagonal in angular momentum space
\ : : ) — ¢ good q.n. in infinite-volume

AT AT
[ (Mg (k1) 0 Mg (k1) 0 \ diagonal in channel space
0 /\/15)401 (k2) 0 /\/15441 (k2) — no dynamics
+ +
M = (Mz:‘ol (k) 0 ) (M::tf (k1) 0 ) e i :
A A a ense in angular momentum
0 Mg (k2) 0 Mad (k2) — cubic symmetry lives here

\/E2 — 4m%
\/E2 — 4m%
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below closed thresholds 90

e multiple possible scattering channels (still just spin-0—spin-0)
- the quantisation condition is

0 = det [5gn g/n/5“5 + l,Ooc ([X‘[]; (5611 0! T ZMEn K’n’( “))}

- must we include all possible channels ?

no, only channels which are kinematically open, or
close to opening

e.g.

p—K|7[L
s

E < Einy 0:A+ /. . 1
k = ik MOl,Oll(ZK) T Z
710

e.g. two-channels, S-wave

1 —|—ip1t11(1 —|—Z./\/l1) ipltlz(l —|—i./\/l1)
ipztlz(l + ZMZ) 1+ Z.Pltll(l T ZMZ)

> 1] —I—ip1t11(1 —I—Z./\/ll)
well below

threshold 2 elast!'c.
condition
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coupled-channel scattering 91

nmn KK nn
_ H B m\ T ; l
now ne.ed a part.lal-wave eg. t= DA ime-reversa
scattering matrix m/ symmetrizes

0 E < Ethr

now multi-channel unitarity Im [t‘l(E)L-j = {—p'(E) 5. E > Ethr.
7 1)) )

K-matrix approach _ _
guarantees unitarity [t 1(E)]ij — [K 1(E)L-j T 57jin(E)

Im I;(E) = —pi(E)

eg. K,;i(L) = ]\4959_‘7 - Flatte, or multichannel BW

e.g. polynomial in each element
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Chew-Mandelstam phase-space 92

e equal mass case

I(s) = —C(s)
S OO
C(s) = C(O)+= [ as' \J1—2
() () + 7T Jsp O
p(s) subtracting at
C(s) = 22271 _
(8) == los [ ] threshold ~ C(Sm) =
e unequal mass case L1k
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“production” of it (as opposed to scattering) 93

BO—-J/y m*m-

C
. //E
, W 5
s s
not partial-wave
projected
®e
°
o &
iy ~"'M. LHCb 2012
° ."‘
. | . | Py
1.0 2.0 3.0 mys / GeV

06

04+

0.2

0]
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J/gy—->@ mm
T .|. BES Il 2005
not partial-wave
1 projected
t
H
Hy t
ity ++ ++ h
+ 1
+ +++ H * 'H'++‘|'
. +++ IH I++++ I-|++'++ +++
0.5 1.0 1.5 mgr / GeV

can ‘look’ drastically different to scattering !
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“production” of it (as opposed to scattering) 94

BO—-J/y m*m-

—

not partial-wave

06

04+

0.2

0]

projected
®e
°
o @
L
o M W PN LHCb 2012
° .“"
. | | Py
1.0 2.0 3.0 myr/GeV
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.. same poles (o, f0(980))

J/gy—->@ mm
T .|. BES Il 2005
not partial-wave
1 projected
t
H
Hy t
++++++ S ++ h
+ i + H * 'H'++‘|'
. +++ IH I++++ I-|++'++ +++
0.5 1.0 1.5 mgr / GeV

— different couplings ...

O »Re[E]
® f0(980)
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f0(980) as a peak in “ss” production 95

BO—J/y m*m- J/y—-@(mm,KK)
C - t BES Il 2005
w S
° _ _ }
s s .
+ } H+++++
+++ ++++ t %
I what 4 P . ‘|'++
+ * | I-i- | +;
o ‘» 0.5 1.0 1.5
¢ ~"'M. LHCb 2012 KK Jf
.W’ ."O +
1 | 1 | W +
1.0 2.0 3.0 b
My | GeV }
by p ot
++++H++++++ ++++
l l | e

note the rapid turn-on
of KK at threshold
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f0(980) as ?

96

pp—p(nm,KK)p

WA102 1999

+
+++

s central production at p = 450 GeV

S-wave
projected

++_|_+++
-
b e ]

gt

1.0 1.5
fo(980) as a shoulder on
a large o ‘background’
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S—wave nrt production

97

m-p—nuondn

40 Oooooo - 0.01 < -t <0.10
OOO OO o QQ
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Q- O 5050
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Q
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dominated by m exchange
— looks like the the 1970s
elastic phase-shift data —» os

04

0.2

v
other (non-1) exchanges
becoming significant,
f0(980) dip less pronounced

v

o no longer large,
f0(980) starting to be a peak ?
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nK elastic scattering at four light quark masses

98

180 D R
o) - Q

01/°
150
120
90
60
30

]
1100
Ecm/MeV

WILLIAM & MARY light exotic hadrons on the lattice | 30 Sep 2020 | Snowmass

Mp ~
239 MeV
284 MeV
327 MeV
391 MeV

Jef ff/?son Lab

Jefferson National Accelerator Facility



nK elastic scattering at four light quark masses 99
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nK elastic scattering at four light quark masses 100

_ my = 239 MeV
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nK elastic scattering at four light quark masses 101

my = 239 MeV
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tetraquarks ? M ~ 391 MeV JHEP 1711 033 (2017) | 102
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TTCO Scattel‘ing PRD100 054506 (2019) | 103

at mr~391 MeV, the w is a stable meson

mr~391 MeV finite-volume spectrum
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nw scattering — with ‘on’, K*K 104
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(ro P82} K TA51)) As a final test of the effects of the pn{°S;} and
30 - K*K{?S:} channels, we find the resonance pole and cor-
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which agrees within uncertainties with the pole position
found in Section VII. The corresponding couplings are,
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